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Abstract 

By considering particles as smeared objects, we investigate the effects of space 
noncommutativity on the orbits of particles in Schwarzschild spacetime. The effects 
of space noncommutativity on the value of the precession of the perihelion of par- 
ticle orbit and deflection of light ray in Schwarzschild geometry are calculated and 
the stability of circular orbits is discussed. 
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1 Introduction 



Gedanken experiments that aim at probing spacetime structure at very small distances 
support the idea that noncommutativity of spacetime is a feature of Planck scale physics. 
They show that due to gravitational back reaction, one cannot test spacetime at Planck 
scale. Its description as a smooth manifold becomes therefore a mathematical assumption 
no more justified by physics. It is then natural to relax this assumption and conceive a 
more general noncommutative spacetime, where uncertainty relations and discretization 
naturally arise. Noncommutativity is the central mathematical concept expressing uncer- 
tainty in quantum mechanics, where it applies to any pair of conjugate variables, such 
as position and momentum. One can just as easily imagine that position measurements 
might fail to commute and describe this using noncommutativity of the coordinates. The 
noncommutativity of spacetime can be encoded in the commutator[l-7] 

[x i ,$P\=iP> (1) 

where 6^ is a real, antisymmetric and constant tensor, which determines the fundamental 
cell discretization of spacetime much in the same way as the Planck constant h discretizes 
the phase space. In d = 4, by a choice of coordinates, this noncommutativity can be 
brought to the form 
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This was motivated by the need to control the divergences showing up in theories such as 
quantum electrodynamics. This noncommutativity leads to the modification of Heisen- 
berg uncertainty relation in such a way that prevents one from measuring positions to 
better accuracies than the Planck length. In low energy limit, these quantum grav- 
ity effects can be neglected, but in circumstances such as very early universe or in the 
strong gravitational field one has to consider these effects. The purpose of this paper is 
to investigate the effects of space noncommutativity on the orbits of a test particle in 
noncommutative Schwarzschild geometry. The modifications induced by the generalized 
uncertainty principle on the classical orbits of particles in a central force potential firstly 
has been considered by Benczik et al [8]. The same problem has been considered within 
noncommutative geometry by Mirza and Dehghani[9]and also by Romero and Vergara[10]. 
The main consequence of these investigations is the constraint imposed on the minimal 
observable length and noncommutativity parameter in comparison with observational 
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data of Mercury. Recently, stability of planetary orbits of particles in noncommutative 
space has been studied both in central force and Schwarzschild background by Nozari 
and Akhshabi[ll]. Here we are going to look at the Kepler problem in noncommutative 
Schwarzschild geometry from a different viewpoint. It has been shown that noncommu- 
tativity eliminates point-like structures in favor of smeared objects in flat spacetime[12]. 
The effect of smearing can be mathematically implemented as a substitution rule: po- 
sition Dirac-delta function can be replaced everywhere with a Gaussian distribution of 
minimal width y/9. In this framework, the mass density of a static, spherically symmet- 
ric, smeared, particle-like gravitational source can be shown by a Gaussian profile [13]. By 
adapting such a setup, we will find a generalized orbit equation. Then we calculate the 
modification imposed by space noncommutativity on the value of the precession of the 
perihelion of Mercury. The effect of space noncommutativity on the deflection of light ray 
in Schwarzschild geometry is calculated and its numerical value is obtained. Finally the 
issue of stability of circular orbits is discussed and the condition for a circular orbit to be 
stable in noncommutative Schwarzschild geometry is obtained. 



2 Noncommutative Schwarzschild Spacetime 

Commutative Schwarzschild geometry is described by the following line element 

ds 2 = 1 1 - —) dt ~ ( 1 - — J dr ~ r 2 dtt 2 , (2) 

were we have set G — 1 = c. We want to consider the effect of space noncommutativity on 
this line element. Note that it is possible to consider the effects of space noncommutativity 
on Einstein field equations also. One can argue that it is not necessary to change the 
Einstein tensor part of the field equations, and that the noncommutative effects can 
be implemented acting only on the matter source[12,13,14]. Since noncommutativity 
eliminates point-like objects in favor of smeared objects in flat spacetime, we choose the 
mass density of a static, spherically symmetric smeared, particle-like gravitational source 
as[13] 

Mr 2 

Mr) =(I^ eXp( ~4^ (3) 

Solving the Einstein equations with this matter source, one finds the following noncom- 
mutative Schwarzschild line element [13] 

ds 2 = (l- -^=7(3/2, r 2 /A9)) dt 2 -(l- -^= 7 (3/2, r 2 /A9)) ''dr 2 - r 2 dtl 2 (4) 
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where 7(3/2, r 2 /A9) is the lower incomplete Gamma function defined as (see appendix) 

,, r 2/4e 

7(3/2, r 2 /A9) = / dt t^e"' (5) 
Jo 

In the limit of r/y/9 — > oo the classical Schwarzschild metric is obtained. Using noncom- 
mutative Schwarzschild line element as (4), in the next section we investigate the effect 
of space noncommutativity on the orbits of a test particle. 



3 Orbits of Particles 

Along an aflinely parameterized geodesic ( timelike , spacelike or null ) the scalar quantity 
2K = u a u a is a constant [15] 



2K = 9ilv - 



dx^ dx v 



(6) 



d\ d\ 

If the proper time or proper distance is chosen for A, then 2K = ±1 for timelike and 
spacelike intervals. For a null geodesic 2K = 0. Using the line element (4) we find for 
the timelike geodesies 



AM 



AM 



2K= ( 1-^7(3/2, r 2 /4^)U 2 - l--==^ 7 (3/2, r 2 /A6)) r 2 -r 2 $ 2 -r 2 sin 2 (^)0 2 = 1. 
V r^f-n J \ ry/TT J 

(7) 

Using the Euler-Lagrange equation 



for a = 0, 2, 3 we find 



d 

d^ 



OK _ d tdK 

dx a dr \dx a 



(l-i^ 7 (3/2,r 2 /4^))i 
^r 2 -# — r 2 sin d cos fift 2 ^ = 0, 



0, 
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and 



— psin 2 ^ = 0. 



(8) 

(9) 
(10) 

(11) 



These three equations along with equation (7) provide us with the four equations needed 
for determining the four desired relations, namely 



t = t(r), r = r(r), t? = i?(t), <p = <p{j). 
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One also could find the trajectory of the test particle projected into a slice t = const. To 
do this end, we consider motion in the equatorial plane, $ = |. From the equation (11) 
we find 

r 2 (p = h, (12) 
where h is constant of integration. Also, integrating equation (9), we get 

(l- ^7(3/2, r 2 /46)y = k, (13) 

where k is constant of integration. Substituting (13) into relation (7), we obtain 

l2 / 4M X- 1 / 4M \-\ 2 2 . 2 

1 =7 - 1 =7 r 2 - rV = 1. (14) 



As usual, we define u = r _1 which leads to 

f = -h^. (15) 

Using relations (12), (13) and (15) in equation (14), we find the following differential 
equation for the orbit of a test particle in noncommutative Schwarzschild geometry 

fdu\ 2 2 k 2 -l AMwy 4Mw 3 7 . . 

iz ) + u =—^ + ^=n + — t=- ( 16 ) 



\d(pj h 2 \fiih 2 

Differentiating (16) we find the second order orbit equation 

d 2 u 2M M e" 1 / 49 " 2 6Mu 2 _ M e" 1 / 4 ^ 2 

This is the orbit equation in noncommutative Schwarzschild spacetime. If we use the 
following approximation for incomplete gamma function (see Appendix) 



/ 3 i \ | A , 1 r ^ 

A*Ae)k»^ — + 2V=e e4e (18) 



then we can write equation (17) as follows 



d 2 u M 2 M e- 1 '^ 

—— + u = — + 3Mu 2 H = 

V h 2 ^h 2 V9 u 

M e' 1 /^ 2 + W^ e _ 1/4eu2 _ M e^" 2 



2 x /i/i 2 fl 3 / 2 w 3 2^ 3 / 2 u 
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The first two terms in the right hand side of equation (19) are the same as usual general 
relativity result [16], the other terms are noncommutative corrections. This equation has 
a complicated solution that can be simplified as follows (we set c = 1) 



M 
U ^h 2 



2 



M 

1 + e cos ld + 3— -eo? sin ld 
h 2 



m 2 Vo M 3 V6 , , 



where 

Ch 2 

and C is a constant. The last two terms in (20) show the noncommutative correction 
and we defined eccentricity e as in commutative case. The general form of this result 
is in agreement with the one obtained by a different method in reference [9]. Since 
noncommutativity parameter is extremely small, the noncommutative corrections will be 
very small. However these corrections are important since they are related to the nature 
of spacetime structure at quantum gravity level. Using the relation 

cos[(l — oi)(p] = cos if + a— cos[(l — a)v?] a =o = cos y? + sin ip 

da 

for small parameter a, one can rewrite equation (20) as follows 



u 



M r , , M 2 ^6 , N 

1 + ecos(</?(l — a)) +e — -=— cos2y? (22) 



h 2 L v ^ v 2^h 4 

where(c = 1) 



3M 2 M 2 V0 , N 



So the period of the orbit is 



2tt , 3M 2 M 2 Vd, , x 

27r(l + a) = 2tt(1 + -— + - T J-). (24) 



I- a v ' v h? Q^h 3 

We have therefore found that, during each orbit of the particle, perihelion advances by 
an angle 

6nM 2 nM 2 V9 

^ = 2ra = _ + __ (25 ) 

This contains an extra precession of the perihelion of the orbit due to space noncommu- 
tativity, 
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In Newtonian formulation of orbital motion, angular momentum is given by h 2 ~ GM{1 — 
e 2 )a where e is the eccentricity and a the semi-major axis of the orbit [15]. Using this 
relation and transforming (26) to non-relativistic units we find 



/a \ (GM0)->- 

i Av? ^c = 7r 3cv ^[(l-e>]3/ 2 - (27) 

To have an estimation of this extra precession of perihelion, we consider the motion 
of Mercury around Sun. In this case we have ~ 1.48 x 10 3 m, e = 0.2056, a = 
5.79 x 10 10 m(see for example [15]) and 6 ~ 10~ 72 m 2 [13], we obtain 

(Aip^j ~ 7r(0.55 x 10~ 51 ) radians / orbit = 0.355 x 10~ 45 arcseconds / orbit. 

Mercury orbits once every 88 days, so we find 

(Aip*) ~ 0.14722 x 10~ 42 arcseconds /century. 

We next consider the case of null geodesies to obtain effect of space noncommutativity 
on the light deflection in Schwarzschild geometry. This can be done by changing the right 
hand side of equation (7) to zero 

2K = fl-i^ 7 (3/2,r 2 /4^)V 2 - fl-^7(3/2,r 2 /4^)V 1 f 2 -r 2 ^-r 2 sin 2 (^) V 9 2 = 0. 
V rV7r / V rV7r / 

(28) 

Using the same method as previous part, we reach at the following second order differential 
equation for the trajectory of a light ray in noncommutative Schwarzschild geometry 

d 2 u QMu 2 M e -y^ 

Again using approximation (18) we can rewrite this equation as 

d 2 u „ 3Mu 1/4 . )2 M e -^ 4du2 , , 

— + u = 3Mu 2 + -e~ 1/4eu ^— ^ 30 

where the last two terms in the right hand side are the noncommutative corrections. The 
solution of this equation can be written in the following form 

u = Uq + U\ (31) 

where uq is the special relativistic solution, 

1 . . 

m = — smv?, (32) 



1/2 
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and Mi has the following form 

3 M\/0[ln(sin ip) sin p — ip cos p] 
ui w ci cos v? + c 2 sin y? + — . (33) 

2 D 6 y/1T 

D is a constant with dimension of length. Therefore, the general solution is 

sin<z> 3 Mv0[m(sin <z>) sinp — pcosp] , JN 

u~ + Cl cosy? + c 2 sin y? + - ^ ^ * * ^ 34 

In a commutative space one can find the solution for u as[16] 

sin 93 M(l + cos (/? + cos 2 <p) 

Therefore we can write w in noncommutative space as follows 

simp Mil + cos p + cos 2 </?) 3 Mv^[ln(sin y?) sin 99 — 99 cosy?] , . 
U ^^ + D* + 2 (36) 

The last term in this relation is the correction due to space noncommutativity. We can 
now find the angle of deflection for a light ray using equation (36). If we take the values 
for (p to be —e\ and it + e 2 when r — > 00 (see for example [16]), then using small angle 
approximation for e\ and e 2 , we find the angle of deflection, 5, as follows 

3Mv^- 



4M 

= ei + e 2 = — 



1 + 



2 J D 2 V ^F 



(37) 



Again, the second term is the correction due to space noncommutativity. Using this 
relation we try to find a numerical estimation for noncommutativity effect on the deflection 
of light ray. In non-relativistic units the contribution of space noncommutativity to the 
angle of deflection becomes 

(g\ 6CM GMy/6 

Since D = 6.66 x 10 8 m (mean radius of sun), for a light ray just grazing the sun, the 
approximate value of the noncommutative correction becomes 



(5) ~ 0.25 x 1(T 55 . 



Although this correction is very small, but it is important since it contains information 
about the nature of spacetime at quantum gravity level. Note that the value of this term 
is dependent on the value of M, the mass of central object. So for the case of very large 
masses such as very massive stars it may be large enough. 

From another view point, equation (37) could be used to find a limit on 9 using observa- 
tional data of deflection of light rays around sun. 
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4 Stability of Circular Orbits 



For noncommutative Schwarzschild line element as given by equation (4), there exist two 
Killing vectors associated with energy and the angular momentum . In the equatorial 
plane , •& = |, the Killing vector associated with energy is d t or 

K, = ([1 - ^=7(3/2, r 2 /4#)], 0, 0, o) (39) 
and for the angular momentum the Killing vector is d v or 

L M = (o, 0, 0, -r 2 sinH). (40) 

So, along the geodesies, the two corresponding conserved quantities are 

4M , , , , a 



( AM , . 9 . „.\ dt , s 

( 1 __ T(3/2 , r V4»))- = B (41) 



and 



2 dif 



r fx =L (42) 

respectively, where E and L are energy and angular momentum of the particle per its 
unit mass. In the equatorial plane, •& — | and using equations (9) and (41) we find 



or 



\Q 2 + V ^\ E2 < 44 > 



where we have defined 



V'(r) = ™ 7 (3/2,rV4») + ^(3/2,/'/ 40) - ^ - \ (45) 

which is the Effective Potential in this noncommutative Schwarzschild spacetime. This 
noncommutative effective potential has been shown in figure 1 in comparison with com- 
mutative Schwarzschild case. The divergency around the origin is a manifestation of the 
existence of minimal length scale which prevents to probe distances smaller than a fun- 
damental distance, for instance, Planck length. The particle could have a circular orbit 
at r c if 
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Applying this to the effective potential (45) gives the equation which determines the radius 
of circular orbits 

- 2M 7 (3/2, rV40) + ^e-V- _ ^ 7 (3/2, r^O) + - ^ + * = 



(47) 



so the condition for the stability of the circular orbits is 

(W) = « (3/2, r 7 «) + j^e-^/" - S^'- 
\dr 2 Jr=r c r^^/K A9 3 / 2 y/n 49 5 / 2 y/if 

2AM L 2 , , 2/J/1 . 5ML 2 p2/iW 3L 2 
+ ^^7(3/2, r 2 /4#) - - — ^ e~ r ^ e - — > (48) 



combining (47) and (48) we find 

^7(3/2 r 2 /4£) + ™ e-*« - M ^ + r "\ ^e 

This is a complicated relation with no analytical solution for r c . Instead, we have depicted 
the left hand side of this relation in terms of radius. The result is shown in figure 2. 
In Newtonian mechanics the circular orbits are stable if r c > 3GM. In commutative 
Schwarzschild geometry this orbits are stable when r c > 6GM[15]. Now we see that 
space noncommutativity increases the radius of stable circular orbits. As figure 5 shows, 
in noncommutative Schwarzschild spacetime the condition for stability of circular orbits 
is given by r c > 6.27 GM . So, the space noncommutativity increases the radius of stable 
circular orbits and this is a manifestation of smeared picture of objects in noncommutative 
geometry. 



5 Summary and Conclusion 

In this paper we have studied the effects of space noncommutativity on the orbits of parti- 
cles in noncommutative Schwarzschild spacetime. The effects of space noncommutativity 
is so that it is not necessary to change the Einstein tensor part of the field equation, and 
one can argue that the noncommutative effects can be implemented acting only on the 
matter part of Einstein's equations. Using this picture we have calculated the noncom- 
mutative orbital motion of test particle in noncommutative Schwarzschild spacetime. An 
extra precession of the perihelion of the orbit due to space noncommutativity has been 
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calculated and its numerical value is estimated using observational data of Mercury. Al- 
though this noncommutative effect is very small, it is important since reflect the nature 
of spacetime structure at quantum gravity level. We have calculated the corrected angle 
of light deflection due to space noncommutativity in Schwarzschild spacetime. Noncom- 
mutative effective potential in Schwarzschild spacetime is calculated and its behavior is 
compared with commutative result. The stability of circular orbits in noncommutative 
Schwarzschild spacetime is discussed and radius of stable circular orbits is calculated. 
Radius of stable circular orbits increases due to space noncommutativity which is a man- 
ifestation of smeared picture of objects in noncommutative spacetime. 



Appendix 

Lower Incomplete Gamma Function 

The lower incomplete gamma function is given by[13] 

7 (a, x ) = [ X t a - x e- l dt = a~ l x a e~ x 1 F 1 (1; l + a;x) = a _1 a: ol F 1 (a; 1 + a; -x) (50) 
Jo 

where 1 F 1 (a; b; x)is the confluent hypergeometric function of the first kind. Long and 
short distance behavior of lower incomplete gamma function are as follows 

^rWk^^V-ToJ) (51) 



n2-4») ! iJ>^ir + vf T ' (52) 
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Figure 1: Effective potential in noncommutative Schwarzschild spacetime (dotted curve) in com- 
parison with the commutative case(solid line). Divergent behavior of effective potential around 
origin in noncommutative case is a manifestation of existence of minimal length scale which pre- 
vents one to probe distances smaller than this minimal length. This minimal observable length 
is of the order of Planck length. 
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Figure 2: The condition for stability of circular orbits of particles in Schwarzschild spacetime: 
In commutative case the condition for stability is given by r > 6GM. In noncommutative 
situation the condition for stability of circular orbits is given by relation (49) which is shown by 
lower(doted) curve. In this case the condition of stability is r > 6.27 GM 
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